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Abstract
Let B be a ring with only 6nitely many maximal ideals. We classify all the subrings of B
that have the same group of units as B; we show that there are only 6nitely many of them.
As an application, we describe all the domains whose divisibility groups are isomorphic to
(Zn;O) for some integer n¿ 1 and some order O of Zn.
c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 13B02; 13A05
1. Introduction
In this paper, we consider the following problem: given a ring B with only 6nitely
many maximal ideals, classify the subrings of B that have the same group of units as B.
Given an arbitrary ring B, we describe, in Section 3 of the paper, a process that
produces subrings of B that have the same group of units as B. It consists of “gluing”
maximal ideals of B that have F2 as residue 6eld.
In Section 4, we show that when B has only 6nitely many maximal ideals, this pro-
cess gives all the subrings of B that have the same group of units as B. We obtain that
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there are only 6nitely many such subrings of B; more precisely, we show that they are
in one-to-one correspondence with the partitions of the set { GM maximal ideal of B;B=
GM = F2}. We also characterize those subrings of B having the same group of units as
being the subrings A over which B is integral, that have the same Jacobson radical as
B, whose maximal ideals are all inert in B and whose maximal ideals that split in B
have their residue 6eld equal to F2. For such a subring A, the maximal ideals are all
unrami6ed in B.
In Section 5, we interpret our results in the context of divisibility groups. We obtain
a description of all the domains whose divisibility groups are isomorphic to (Zn;O)
for some integer n¿ 1 and some order O of Zn. This complements the paper [2] in
which the divisibility orders of Zn were described.
In this paper, all the rings will be commutative. If B is a ring, U(B) will denote its
group of invertible elements, B∗ its set of non-zero divisors, Max(B) its set of maximal
ideals, J (B) its Jacobson radical, i.e., the intersection of its maximal ideals. If Max(B)
is 6nite, we shall say that B is semi-local. If k is a 6eld, Max(B; k) will denote the
set { GM ∈Max(B);B= GM = k}. The 6eld of two elements will be denoted by F2. When
{P1; : : : ; Pt} is a 6nite set of prime ideals of B, we shall sometimes write BP1∪···∪Pt
to denote the ring BS with S = B \ P1 ∪ · · · ∪ Pt . If C ⊆ C′ is a ring extension, S a
multiplicative system of C and S ′ a multiplicative system of C′ such that S ⊆ S ′, and
I an ideal of C, then IC′S′ will denote the ideal h2 ◦ h1(I) ·C′S′ where h1 :C → CS and
h2 :CS → C′S′ are the canonical morphisms (which in general, have no reason to be
injective).
If A ⊆ B is an integral extension of rings and if M is a maximal ideal of A, we
shall say that M is unibranched in B if there exists only one maximal ideal of B lying
over M , that M is inert in B if B= GM = A=M for every maximal ideal GM of B lying
over M and that M is unrami9ed in B if MB GM = GMB GM for every maximal ideal GM of
B lying over M . When a maximal ideal M of A is not unibranched in B, we shall say
that M splits in B.
2. Residue elds of the ring extensions A ⊆ B with U(A) = U(B); B semi-local
The objective of this section is to show that if A ⊆ B is a ring extension with
U(A) =U(B) and B semi-local, then the extension is integral, all the maximal ideals
of A are inert in B and the maximal ideals of A that split in B have their residue 6eld
equal to F2.
Our 6rst result has already been stated for domains in [3, Theorem 1, p. 738];
however, it is easy to check that the proof given there is valid for rings.
Theorem 1. Let A ⊆ B be an extension of rings with U(A) = U(B); B semi-local.
Then;
(a) B is a 9nite A-module and J (A) = J (B). In particular; B is contained in the
integral closure of A if B is a domain.
(b) A= B if (and only if) the intersection map Max(B)→ Max(A) is a bijection.
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Remark 2. In Theorem 1; the hypothesis “B is semi-local” cannot be substituted by
“A is semi-local”. Indeed; if A is a 6eld; X an indeterminate over A and B = A[X ];
then A is local and U(A) =U(B); but B is not integral over A.
Theorem 3. Let A ⊆ B be an extension of rings with U(A)=U(B); B semi-local. Let
M1; : : : ; Mr be the maximal ideals of A. For every i∈{1; : : : ; r}; let GMi1; : : : ; GMiti be
the maximal ideals of B that lie over Mi. Then;
(a) ∀i∈{1; : : : ; r}; ∀j∈{1; : : : ; ti}; B= GMij = A=Mi:
(b) For i∈{1; : : : ; r}; A=Mi = F2 if ti¿ 2:
Before starting the proof of this theorem, we shall establish the following two
lemmas:
Lemma 4. Let A; B;Mi; GMij; ti be as in Theorem 3. Then;
(a) ∀i∈{1; : : : ; r}; AMi ⊆ B GMi1∪···∪ GMiti and U(AMi) =U(B GMi1∪···∪ GMiti ):
(b) For i∈{1; : : : ; r}; AMi = B GMi1∪···∪ GMiti if (and only if) ti = 1.
Lemma 5. Let A; B;Mi; GMij; ti be as in Theorem 3. Suppose furthermore that ti = 1
for every i¿ 2. Then;
(a) B \ GM 11 ∪ · · · ∪ GM 1t1 = A \M1:
(b) GM 11 ∩ · · · ∩ GM 1t1 =M1.
Proof of Lemma 5. (a) It is clear that B \ ( GM 11 ∪ · · · ∪ GM 1t1 ) ⊇ A \M1. For the reverse
inclusion; let b∈B \ ( GM 11 ∪ · · · ∪ GM 1t1 ); let us say that b ∈ GM 11 ∪ · · · ∪ GM 1t1 ∪ GM 21
∪ · · · ∪ GM‘1 and that b∈ GM‘+11∩ · · · ∩ GMr1. Since M1; : : : ; Mr are incomparable; we can
choose a∈ (M1 ∩ M2 ∩ · · · ∩ M‘) \ (M‘+1 ∪ · · · ∪ Mr). It is clear that a + b does not
belong to any maximal ideal of B; hence that a + b∈U(B) = U(A) ⊆ A; thus b∈A
and; evidently; b ∈ M1.
(b) It is clear that GM 11∩· · ·∩ GM 1t1 ⊇ M1. For the reverse inclusion, let b∈ GM 11∩· · ·∩
GM 1t1 ; let us say that b∈ GM 11 ∩ · · · ∩ GM 1t1 ∩ GM 21 ∩ · · · ∩ GM‘1 and b ∈ GM‘+11 ∪ · · · ∪ GMr1.
Since M1; : : : ; Mr are incomparable, we can choose a∈ (M‘+1 ∩ · · · ∩Mr) \ (M1 ∪M2
∪ · · · ∪M‘). It is clear that a + b does not belong to any maximal ideal of B, hence
that a+ b∈U(B) =U(A) ⊆ A; thus b∈A and consequently, b∈A ∩ GM 11 =M1.
Proof of Lemma 4. Since (b) is a consequence of (a) and Theorem 1(b); we just have
to prove (a).
For every i¿ 1; B\ GMi1∪· · ·∪ GMiti is the saturation in B of the multiplicative system
A \Mi; indeed, since A ,→ B is integral, GMi1; : : : ; GMiti are exactly the ideals of B that
are maximal with respect to the property of having an empty intersection with A \Mi.
Thus B GMi1∪···∪ GMiti = BA\Mi . Since AMi is clearly a subring of BA\Mi , we obtain that AMi
is a subring of B GMi1∪···∪ GMiti .
For the second statement of (a), we shall do an induction on s := #{ti; ti¿ 2}.
If s = 0, i.e., if ti = 1 for every i = 1; : : : ; r. By Theorem 1(b), we have A= B and
in particular, (a) is satis6ed.
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If s= 1, say t1¿ 2 and ti = 1 ∀i = 2; : : : ; r.
Clearly, U(B GM 11∪···∪ GM 1t1 ) ⊇ U(AM1 ). For the reverse inclusion, let ∈U
(B GM 11∪···∪ GM 1t1 ). It is routine to check that  = b1=b2 with b1; b2 ∈B \ GM 11 ∪ · · · ∪ GM 1t1
which, by Lemma 5(a), is equal to A\M1; thus ∈U(AM1 ). Therefore U(B GM 11∪···∪ GM 1t1 )
=U(AM1 ).
Now, for i¿ 2, we already know that B GMi1 ⊇ AMi . For the reverse inclusion, let
∈B GMi1 = BA\Mi , and write = b=a with b∈B; a∈A=Mi. Take a′ ∈M1 \Mi; we have
 = a′b=a′a with a′b∈ GM 11 ∩ · · · ∩ GM 1t1 = M1 ⊆ A by Lemma 5(b) and a′a∈A \Mi;
thus ∈AMi . Therefore B GMi1 = AMi and, a fortiori, U(B GMi1 ) =U(AMi).
If s¿ 2, say t1¿ 2; : : : ; ts¿ 2 and ti = 1 for every i¿ s+ 1.
Let i∈{1; : : : ; s}, say i = 1. Consider the ring B′:=A + ( GM 11 ∩ · · · ∩ GM 1t1 ). Set
M ′1:= GM 11 ∩ B′ and, for every k =1 and every j∈{1; : : : ; tk}, set M ′kj := GMkj ∩ B′.
Observe that U(A) ⊆ U(B′) ⊆ U(B) = U(A), hence that U(A) = U(B′) = U(B).
Observe also that by Theorem 1, B is integral over A, hence that M ′1, as well as every
M ′kj, is a maximal ideal of B
′. Observe 6nally that by [2, Lemma 4, p. 740],
• GM 11; : : : ; GM 1t1 lie over M ′1,
• ∀k =1; ‘ =1; ∀m∈{1; : : : ; tk}; ∀n∈{1; : : : ; t‘} such that (k; m) =(‘; n), we have
M ′1; M
′
km;M
′
‘n incomparable.
Thus in the extension A ⊆ B′, we have exactly (s−1) maximal ideals that split and,
by the hypothesis of induction, we obtain:
U(AM1 ) =U(B
′
M ′1
); (1)
∀k¿ s+ 1; U(AMk ) =U(B′M ′k1 ): (2)
In the extension B′ ⊆ B, we have exactly one maximal ideal that splits and by the
case s= 1, we obtain:
U(B′M ′1 ) =U(B GM 11∪···∪ GM 1t1 ); (3)
∀k¿ s+ 1; U(B′M ′k1 ) =U(B GMk1 ): (4)
Of course, (1) and (3) gives us U(AM1 ) =U(B GM 11∪···∪ GM 1t1 ). For every k¿ s + 1, (2)
and (4) gives us U(AMk ) =U(B GMk1 ):
Proof of Theorem 3. Let i∈{1; : : : ; r}. By Lemma 4(a); U(AMi) = U(B⋃‘ GMi‘). Of
course; A=Mi=AMi =MiAMi and B= GMij=B⋃‘ GMi‘ = GMijB⋃‘ GMi‘ . Thus; in order to prove The-
orem 3; we can suppose that A has only one maximal ideal M and that all the maximal
ideals GM 1; : : : ; GMt of B lie over M . Consider the canonical map  :B  B=J (B). The
restriction of  to U(B) gives a map
 1 :U(B) U(B=J (B)) =U(B= GM 1 ∩ · · · ∩ GMt);
 → + J (B);
which is a (multiplicative) group homomorphism and which is surjective since for
∈B; we have  + J (B) invertible in B=J (B) ⇔  + J (B) ∈ ⋃i( GMi=J (B)) ⇔  ∈
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⋃
i
GMi ⇔  invertible in B. By the Chinese Reminder Theorem; the diagonal map
 :U(B=J (B))→ (B= GM 1)∗ × · · · × (B= GMt)∗;
+ J (B) → (+ GM 1; : : : ; + GMt)
is an isomorphism. Since U(B) = U(A); then  ◦  1(U(B)) =  ◦  1(U(A)); i.e.;
(B= GM 1)∗ × · · · × (B= GMt)∗ =Diagonal of ((A=M)∗)t : Equivalently;
(B= GM 1)∗ × · · · × (B= GMt)∗ = (A=M)∗ × · · · × (A=M)∗; (5)
(A=M)∗ × · · · × (A=M)∗ =Diagonal of ((A=M)∗)t : (6)
Evidently; from (5) we get that B= GMi = A=M for every i = 1; : : : ; t. If t¿ 2; from (6)
we get that |(A=M)∗|= 1; i.e.; A=M = F2.
3. Gluing of maximal ideals over F2
Given a (not necessarily semi-local) ring B, we shall describe a general process that
produces subrings of B that have the same group of units as B.
Proposition 6. Let B be a ring; k1; : : : ; ks some 9elds and F1; : : : ;Fs some disjoint
9nite subsets of Max(B) such that ∀i∈{1; : : : ; s}; ∀ GM ∈Fi ; B= GM is isomorphic to ki.
For every i∈{1; : : : ; s} and every GM ∈Fi ; let ’i GM :B → ki be a surjective homomor-
phism with kernel equal to GM . Let
A := {∈B; ∀i∈{1; : : : ; s}; ∀ GM; GM ′ ∈Fi ; ’i GM () = ’i GM ′()}:
Then; A is a subring of B such that:
(a) B is a 9nite A-module and J (A) = J (B).
(b) For every i∈{1; : : : ; s}; Mi :=
⋂
GM∈Fi GM ∩ A is a maximal ideal of A and
• Fi = { GN ∈Max(B); GN ∩ A=Mi};
• A=Mi = B= GM for every GM ∈Fi ;
• MiB GM = GMB GM for every GM ∈Fi : (7)
(c) For every GN ∈Max(B) \⋃si=1Fi ; A GN∩A = B GN .
In particular; GN ∩ A is unibranched; inert and unrami9ed in B.
(d) A and B have the same quotient 9eld if B is a domain.
Proof. (a) That B is a 6nite A-module has already been proved in [1; Theorem A;
p. 585]. By construction; it is clear that J (B) ⊆ A. Since B is integral over A; then
J (B) = J (A).
(b)–(c) With the exception of (7), everything has been provided in [1, Theorem A,
p. 585]. We now prove (7). Let i∈{1; : : : ; s}, say i = 1, and let GM ∈F1:
If F1 = { GM}, then the condition
’1 GM () = ’1 GM ′() for every GM; GM
′ ∈F1
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is empty, and the ring A is really obtained from B using only the sets F2; : : : ;Fs. By
(c), we then have A GM∩A = B GM and in particular, ( GM ∩ A)B GM = GMB GM .
If F1 = { GM 1; GM 2; : : : ; GMt} with t¿ 2, we set GM := GM 1 and
A′ := {∈B; ’1 GMi() = ’1 GM () ∀i = 1; : : : ; t}: (8)
It is clear that A ⊆ A′ ⊆ B and that GM ∩ A′ = GM 1 ∩ · · · ∩ GMt . We claim that
( GM ∩ A′)B GM = GMB GM : (9)
Indeed, let $∈ GM 2 ∩ · · · ∩ GMt \ GM: We have $ GM ⊆ GM ∩ GM 2 ∩ · · · ∩ GMt = GM ∩A′, hence
$ GMB GM ⊆ ( GM ∩ A′)B GM and GMB GM ⊆ ( GM ∩ A′)B GM since $ is invertible in B GM . Since the
reverse inclusion is obvious, our claim is proved.
Now, observe that
A= {∈A′; ∀i∈{2; : : : ; s}; ∀ GM ′; GM ′′ ∈Fi ; ’i GM ′() = ’i GM ′′()}:
Then, in the extension A ⊆ A′, we can apply (c) to the maximal ideal GM ∩A′ to obtain
( GM ∩ A)A′ GM∩A′ = ( GM ∩ A′)A′ GM∩A′ : (10)
Then, we have
( GM ∩ A)B GM = ( GM ∩ A)A′ GM∩A′B GM
= ( GM ∩ A′)A′ GM∩A′B GM by (10)
= GMB GM by (9):
(d) We shall do an induction on s.
If s = 1, it is clear that
⋂
GM∈F1 GM is an ideal of both A and B; that ideal is not
equal to (0) since B is a domain and since F1 is a 6nite set of nonzero prime ideals.
Then A and B have the same quotient 6eld.
If s¿ 2, let A′ be as in (8). By the case s = 1, B and A′ have the same quotient
6eld. By the case (s− 1), A′ and A have the same quotient 6eld. Thus B and A have
the same quotient 6eld.
Remark 7. With the notations of Proposition 6; we have seen that; if B is a domain;
then A and B have the same quotient 6eld. If B is not a domain; then in general A
and B do not have the same total ring of quotients; even if the residue 6eld is F2.
For example; taking B := k[X ]=X (X + 1) where k is any 6eld; and taking ’X :B → k
de6ned by ’X ( Gf(X ))=f(0) and ’X+1 :B → k de6ned by ’X+1( Gf(X ))=f(−1); then
A := {∈B;’X () = ’X+1()}= k does not have the same quotient 6eld as B.
Remark 8. Let B be a ring. For every GM ∈Max(B; F2); let ’ GM :B → F2 be the homo-
morphism de6ned by ’ GM () = 0 if ∈ GM and ’ GM () = 1 if ∈B \ GM: If F1; : : : ;Fs
are disjoint 6nite subsets of Max(B; F2); it is clear that the set
⋂s
i=1 [(B \
⋃
GM∈Fi GM)∪
(
⋂
GM∈Fi GM)] is equal to the ring {∈B; ∀i∈{1; : : : ; s}; ∀ GM; GM
′ ∈Fi ; ’ GM () =
’ GM ′()}.
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Theorem 9. Let B be a ring. Let F1; : : : ;Fs be some disjoint 9nite subsets of
Max(B; F2) and A :=
⋂s
i=1 [(B \
⋃
GM∈Fi GM) ∪ (
⋂
GM∈Fi GM)]. Then;
(a) A is a subring of B; B is a 9nite A-module and J (A) = J (B).
(b) For every i∈{1; : : : ; s}; Mi :=
⋂
GM∈Fi GM ∩ A is a maximal ideal of A and
• Fi = { GN ∈Max(B); GN ∩ A=Mi};
• A=Mi = B= GM for every GM ∈Fi ;
• MiB GM = GMB GM for every GM ∈Fi.
(c) For every GN ∈Max(B) \⋃si=1Fi ; A GN∩A = B GN .
(d) U(A) =U(B).
Proof. (a)–(c). In view of Remark 8; we obtain the properties (a)–(c) by applying
Proposition 6.
(d) We shall do an induction on s.
If s=1, let F:=F1; M :=
⋂
GM∈F GM . Let x∈U(B). For every GM ∈F, let ’ GM :B →
F2 be the homomorphism de6ned by ’ GM ()=0 if ∈ GM and ’ GM ()=1 if  ∈ GM . We
clearly have ’ GM (x − 1) = 0 for every GM ∈F, hence x − 1∈
⋂
GM∈F GM = M ⊆ A and
therefore x∈A. Thus, we have U(B) ⊆ A, hence U(B) ⊆ U(A) and U(B) =U(A).
If s¿ 2, let A′:= (B \⋃ GM∈F1 GM)∪ (⋂ GM∈F1 GM). Of course, we have A=⋂si=2 [(A′ \⋃
GM∈Fi GM ∩A′)∪ (
⋂
GM∈Fi GM ∩A′)]. By the case s=1, we have U(A′)=U(B); by the
case (s− 1), we have U(A) =U(A′). Thus U(A) =U(B).
4. Subrings A of a semi-local ring B with U(A) = U(B)
Given any ring B, Theorem 9 describes a process by which some subrings A of B
with U(A)=U(B) can be constructed. If B is semi-local, we shall show in this section
that there are only 6nitely many subrings A of B with U(A)=U(B), and that they are
all obtained by the above construction, hence expressable in terms of elements of B.
We shall also give an ideal theoretic characterization of those subrings A.
Theorem 10. Let B be a semi-local ring. Let
' : {partitions of Max(B; F2)} → {A; A subring of B;U(A) =U(B)}
be de9ned by: for F:={F1; : : : ;Fs} a partition of Max(B; F2);
'(F) =
s⋂
i=1



B
∖ ⋃
GM∈Fi
GM

 ∪

 ⋂
GM∈Fi
GM



 :
Then; ' is a bijection. In particular; there are only 9nitely many subrings A of B
such that U(A) =U(B).
Proof. Let F:={F1; : : : ;Fs} be a partition of Max(B; F2): By Theorem 9(a) and (d);
'(F) is a subring of B such that U('(F)) =U(B). By Theorem 9(b); ' is injective.
We shall now check that ' is surjective.
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Let A ⊆ B be a subring of B such that U(A) = U(B). By Theorem 1(a), B is
integral over A, hence A is semi-local too. Let {M1; : : : ; Ms} :=Max(A; F2); for i =
1; : : : ; s let Fi := { GM ∈Max(B); GM ∩A=Mi} and let F := {F1; : : : ;Fs}. By Theorem
3(a), F is a partition of Max(B; F2). By Theorem 9(a), '(F) :=
⋂s
i=1 [(B\
⋃
GM∈Fi GM)∪
(
⋂
GM∈Fi GM)] is a subring of B which, clearly, contains A. By Theorem 9(b), for every
i=1; : : : ; s; M ′i :=
⋂
GM∈Fi GM ∩'(F) is a maximal ideal of '(F) and every GM ∈Fi lies
over M ′i ; thus, M
′
i is the only maximal ideal of '(F) lying over Mi. By de6nition,
B= GN = F2 for every GN ∈Max(B) \
⋃s
i=1Fi; thus, by Theorem 3(b), GN is the only
maximal ideal of B lying over GN ∩ A and, a fortiori, GN ∩ '(F) is the only maximal
ideal of '(F) that lies over GN ∩A. Thus, the intersection map Max('(F))→ Max(A)
is a bijection. Furthermore, since U(A)=U(B), we also have U(A)=U('(F)). Then,
applying Theorem 1(b) to the extension A ⊆ '(F), we get A= '(F).
Lemma 11. Let A ⊆ B be a ring extension such that:
• J (A) = J (B);
• Max(A) = { GM ∩ A; GM ∈Max(B)};
• Max(A) is 9nite;
• for every GM ∈Max(B); B= GM = A= GM ∩ A;
• for every GM ∈Max(B)\Max(B; F2); GM is the unique maximal ideal of B lying over
GM ∩ A.
Then; U(A) =U(B).
Proof. Let Max(A; F2)= {M1; : : : ; Ms} and Max(A) \Max(A; F2)= {Ms+1; : : : ; Mr}. For
i = s+ 1; : : : ; r; let GMi be the (unique) maximal ideal of B lying over Mi.
Let x∈U(B). As already noted in the proof of Theorem 9, we have
x − 1∈
⋂
GM∈Max(B;F2)
GM: (11)
For every i = s+ 1; : : : ; r, B= GMi = A=Mi, hence there exists yi ∈A such that
x − yi ∈ GMi: (12)
Since M1; : : : ; Ms; : : : ; Mr are maximal ideals of A, there exists y∈A such that:
• y − 1∈M1 ∩ · · · ∩Ms ⊆
⋂
GM∈Max(B;F2)
GM (13)
• For every i = s+ 1; : : : ; r; y − yi ∈Mi: (14)
We have
• x − y = (x − 1) + (1− y)∈⋂ GM∈Max(B;F2) GM by (11) and (13).
• For i = s+ 1; : : : ; r; x − y = (x − yi) + (yi − y)∈ GMi by (12) and (14).
Then x − y∈⋂ GM∈Max(B) GM = J (B) = J (A) ⊆ A and therefore x∈A.
Thus, we have U(B) ⊆ A, hence U(B) ⊆ U(A) and U(B) =U(A).
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Theorem 12. Let A ⊆ B be an extension of rings with B semi-local.
(a) The following conditions are equivalent:
(i) U(A) =U(B)
(ii) • Max(A) = { GN ∩ A; GN ∈Max(B)};
• J (A) = J (B);
• for every GM ∈Max(B); B= GM = A= GM ∩ A;
• for every GM ∈Max(B) \Max(B; F2); GM is the unique maximal ideal of B
lying over GM ∩ A.
(b) When (i)–(ii) are satis9ed; then B is a 9nite A-module and GMB GM = ( GM ∩ A)B GM
for every GM ∈Max(B).
(c) A= B if (and only if) J (A) = J (B); B= GM = A= GM ∩ A for every GM ∈Max(B) and
the intersection map Max(B)→ Max(A) is a bijection.
Proof. (a) (i) ⇒ (ii). True by Theorem 1(a) and Theorem 3.
(ii) ⇒ (i). If (ii) is satis6ed, then in particular the conditions of Lemma 11 are
satis6ed and therefore U(A) =U(B).
(b) Suppose that U(A) = U(B). By Theorem 1(a), B is a 6nite A-module. By
Theorem 10, there exists a partition F:={F1; : : : ;Fs} of Max(B; F2) such that A =⋂s
i=1 [(B \
⋃
GM∈Fi GM) ∪ (
⋂
GM∈Fi GM)]. By Theorem 9(b) and (c), GMB GM = ( GM ∩ A)B GM
for every GM ∈Max(B).
(c) If the conditions given in (c) are satis6ed, then so are the conditions given in
(a)(ii); thus U(A) =U(B) and by Theorem 1(b), A= B.
5. Domains with divisibility group isomorphic to Zn
Given an integer n¿ 1, the divisibility orders of Zn have been described in [3]. The
problem of describing the domains whose divisibility group is isomorphic to (Zn;O)
for some order O, was left open. As a consequence of what was done so far, it is
now possible to solve this problem. We shall 6rst interpret the results of the previous
section in terms of divisibility groups.
We recall that if B is a domain with quotient 6eld K , then G(B) denotes the div-
isibility group of B, i.e., the multiplicative group K∗=U(B) endowed with the partial
order whose positive cone is B∗=U(B); we shall write G0(B) to denote the group G(B)
without that order. Observe that if A is a subring of B with the same quotient 6eld K ,
and if U(A)=U(B) (equivalently, if G0(A)=G0(B)), then the positive cone A∗=U(A)
of G(A) is a subset of the positive cone B∗=U(B) of G(B).
Theorem 13. Let B be a semi-local domain with quotient 9eld K; let M(B) be the
set of non-invertible elements of B. Let
' : {Partitions of Max(B; F2)}
→ {A;A subring of B with quotient 9eld K; G0(A) = G0(B)}
be de9ned as in Theorem 10. Then;
(a) ' is a bijection.
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(b) If F := {F1; : : : ;Fs} is a partition of Max(B; F2); the positive cone of G('(F))
is equal to
{1U(B)} ∪ {bU(B); b∈M(F) \ {0}}
with
M(F) =

M(B)
∖ s⋃
i=1
⋃
GM∈Fi
GM




∪
⋃
/ =J⊆{1;:::; s}



⋂
j∈J
⋂
GM∈Fj
GM

∖

 ⋃
k∈{1;:::; s}\J
⋃
GM∈Fk
GM



 :
Proof. Let F := {F1; : : : ;Fs} be a partition of Max(B; F2). By Theorem 10; '(F)
is a subring of B with U('(F)) =U(B). Furthermore; since B is a domain; then by
Theorem 1(a); the quotient 6eld of '(F) is equal to K . Thus; G0('(F)) = G0(B).
Evidently, the positive cone of G('(F)) is a subset of the positive cone B∗=U(B)
of G(B), equal to {1U(B)} ∪ {bU(B); b∈M(F) \ {0}} where M(F) is the union
of the maximal ideals of '(F).
Let D0 :=B and for i∈{1; : : : ; s}, let Di := '(F) + (
⋂
GM∈Fi GM ∩ Di−1) and
Mi := {non-invertible elements of Di}. This way, we obtain a sequence of semi-local
rings
B= D0 ⊇ D1 ⊇ · · · ⊇ Ds ⊇ '(F):
By [3, Lemma 5, p. 740], ∀i∈{1; : : : ; s}; ∀ GM; GM ′ ∈Fi, we have GM ∩ Ds = GM ′ ∩ Ds.
Thus, above every maximal ideal of '(F), there exists exactly one maximal ideal
of Ds. Since U('(F)) =U(B), we evidently also have U('(F)) =U(Ds). Then, by
Theorem 1(b), '(F) = Ds and consequently M(F) =Ms.
Now, for every i∈{1; : : : ; s}; Mi has been computed in [3, p. 742–743]; in particular,
for i = s, we have
Ms =
⋃
J⊆{1;:::; s}



⋂
j∈J
⋂
GM∈Fj
GM

∖

 ⋃
k∈{1;:::; s}\J
⋃
GM∈Fk
GM



 ;
where among the subsets J of {1; : : : ; s} we include J = ∅ with the convention that⋂
j∈∅
⋂
GM∈Fj GM =M(B). Thus, M(F) is indeed equal to what we stated.
Finally, ' is a bijection by Theorem 10.
Theorem 14. Let K be a 9eld. Then;
{A domain; K = quotient field of A; G(A) (Zn;O); n∈N∗; O order of Zn}
=


s⋂
i=1



B
∖ ⋃
GM∈Fi
GM

 ∪

 ⋂
GM∈Fi
GM



;
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B is a 9nite intersection of valuation rings of K with 9nitely generated
divisibility groups; {F1; : : : ;Fs} is a partition of Max(B; F2)

 :
Proof. “⊆”. Let A be a domain with quotient 6eld K and divisibility group isomorphic
to (Zn;O) for some n¿ 1 and some order O of Zn. By [4; Theorem 2.1; p. 232]; the
integral closure GA of A is a 6nite intersection of valuation rings of K and by [4;
Corollary 3.11; p. 241]; U(A) =U( GA); the divisibility groups of these valuation rings
are 6nitely generated since they are quotient groups of the divisibility group of A.
Evidently; GA is semi-local; thus; by Theorem 10; A is equal to
⋂s
i=1 [( GA \
⋃
GM∈Fi GM)∪
(
⋂
GM∈Fi GM)] where {F1; : : : ;Fs} is a partition of Max( GA; F2).
“⊇”. Let B be a 6nite intersection of valuation rings of K with 6nitely generated
divisibility groups. Then B is a semi-local ring with quotient 6eld K and the group
G0(B) :=K∗ \U(B) is isomorphic to Zn for some n¿ 1 by [2, Corollary 5, p. 720].
If {F1; : : : ;Fs} is a partition of Max(B; F2), then by Theorem 13, A :=
⋂s
i=1 [(B \⋃
GM∈Fi GM)∪(
⋂
GM∈Fi GM)] is a domain with quotient 6eld equal to K such that G0(A)=
G0(B), hence such that its divisibility group G(A) is isomorphic to (Zn;O) for some
order of O of Zn.
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